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Quantum magnets represent an ideal playground for the ontrolled realization of novel quantum phases
and of quantum phase transitions. The Hamiltonian of the system an be indeed manipulated by applying
a magneti eld or pressure on the sample. When doping the system with non-magneti impurities, novel
inhomogeneous phases emerge from the interplay between geometri randomness and quantum utuations.
In this paper we review our reent work on quantum phase transitions and novel quantum phases realized
in disordered quantum magnets. The system inhomogeneity is found to strongly aet phase transitions by
hanging their universality lass, giving the transition a novel, quantum perolative nature. Suh transitions
onnet onventionally ordered phases to unonventional, quantum disordered ones - quantum Griths phases,
magneti Bose glass phases - exhibiting gapless spetra assoiated with low-energy loalized exitations.
Key words: Heisenberg Antiferromagnets, Quantum Disorder, Geometri Randomness, Perolation, Bose
Glass
PACS:
1. Introdution
Quantum phase transitions (QPTs) and related olletive quantum phases represent one of the
most exiting researh topis in ondensed matter physis [ 1℄. Contrary to thermal phase tran-
sitions, QPTs our at zero temperature upon tuning a parameter of the system Hamiltonian.
The emergene of quantum olletive phenomena opens the path towards quantum phases that
do not admit any lassial ounterpart. Quantum magnets provide a large showase of materials
in whih QPTs have been experimentally demonstrated. Quantum utuations, driving the sys-
tem through a QPT, an be ontinuously tuned by e.g. applying a magneti eld or by exerting
pressure on the sample to ontrol the magneti ouplings among the spins. A well-known exam-
ple is represented by magneti Bose-Einstein ondensation (BEC) in spin-gap materials [ 2℄, suh
as systems of weakly oupled S = 1/2 dimers. These magneti insulators show a paradigmati
quantum-disordered ground state, namely a total singlet state with a gap to all triplet exitations.
Appliation of a magneti eld an lose the triplet gap, induing the appearane of bosoni spin
triplets in the ground state of the system, forming a Bose ondensate of magneti quasipartiles.
This ondensed state orresponds to a magnetially ordered state with spontaneous appearane of
a staggered magnetization transverse to the eld.
A ompletely dierent route towards QPT transitions in quantum magnets is represented by
the eet of non-magneti doping. Starting from a magnetially ordered state, a simple route
towards disordering the system is by diluting the lattie via site or bond removal. A genuine
quantum phase transition is realized if quantum utuations lead to the loss of magneti order at
T = 0 before the lattie reahes the perolation threshold. Experimental studies on model magnets,
suh as non-magnetially doped La2CuO4 [ 3℄, supported by extensive numerial studies [ 4℄ show
that fundamental quantum models like the two-dimensional quantum Heisenberg antiferromagnet
do not develop strong enough quantum utuations for a quantum phase transition to our.
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Yet, inreasing quantum utuations ad ho, e.g. by expliit lattie dimerization [ 5, 6, 7℄ or by
anisotropi bond dilution [ 8℄, an lead indeed to disorder-indued quantum phase transitions (see
Fig.1). And what better strategy ould one envision to tune quantum utuations than to onsider
a system whih already exhibits a quantum phase transition in the lean limit?
This idea brings naturally to the investigation of the eet of disorder on quantum ritial
phenomena in magneti systems, and in partiular on magneti BEC as a paradigmati magneti
quantum phase transition [ 9, 10, 11, 12℄. Introduing disorder in the magnetially ordered phase
immediately lose to the ondensation QPT orresponds to exposing the dilute gas of spin triplets
indued by the eld to a random potential: as in any system of weakly interating quantum
partiles, this leads to Anderson loalization for moderate (or even innitesimal) disorder strengths
[ 13℄. This property translates into the possibility of disrupting the eld-indued magneti order
by diluting the lattie well below the perolation threshold, aomplishing in this way a genuine
disorder-indued quantum phase transition.
A side eet of doping weakly oupled dimer systems is the appearane of unpaired S = 1/2
loal moments, whih are oupled through virtual exitations of the intat dimers [ 14, 11, 15℄ (see
Fig.2(a)). The resulting random network of interating loal moments an support long-range anti-
ferromagneti order in zero eld, giving rise to a ounter-intuitive phenomenon of order by disorder
(OBD). This ordered state is found to be disrupted by the appliation of a moderate magneti eld
[ 11, 12℄. The resulting disordered phase shows short-range antiferromagneti orrelations surviving
on loalized regions, whih an be mapped onto Anderson loalized quasipartiles.
Hene we see in general that disorder-indued quantum phase transitions drive the system to
novel quantum disordered phases with rather exoti properties. A ommon denominator of these
phases is a gapless spetrum assoiated with the appearane of low-energy loalized exitations, as-
soiated with exponentially rare regions in the disordered lattie. If the energy ost of the loalized
exitation dereases algebraially with the inverse size of the region that hosts it, all onventional
response funtions remain non-singular in this phase down to T = 0. On the other hand, if the
same energy ost dereases exponentially when the size of the region inreases, this leads to quan-
tum Griths singularities [ 16℄ with a non-universal, disorder-dependent divergent behavior in
measurable quantities suh as the uniform suseptibility.
In this paper we review our reent progress in studying disorder-indued QPTs as well as
the eet of disorder on eld-indued QPTs in two-dimensional quantum magnets. This topi is
partiularly hallenging from a tehnial point of view. Indeed onventional perturbation methods
are generally doomed to fail at quantum ritial points; renormalization group shemes, while
generally suessful for the study of ritial points in lean systems, prove to be partiularly hard for
ritial points in presene of disorder [ 17℄. A third way is provided by numerially exat methods,
whih are partiularly well developed for unfrustrated quantum spin systems. In partiular we
make use of the stohasti series expansion quantum Monte Carlo method [ 18℄ whih proves to
be a very powerful quantum Monte Carlo tehnique to investigate the low-temperature properties
of quantum spin systems on a large sale. The non-loal nature of the update algorithm makes it
possible to irumvent ritial slowing down and to investigate quantum ritial phenomena in a
very aurate way. While disorder imposes the extra ost of averaging over disorder statistis, this
task an be aomplished on modern superomputers.
The struture of the paper is as follows. In setion 2 we show how the interplay between
anisotropi geometri randomness and quantum utuations gives rise to a new lass of perolative
quantum phase transitions in an inhomogeneous bond-diluted antiferromagnet in two dimensions
(2D). This transition opens a novel quantum disordered phase whih exhibits quantum Griths
singularities. In setion 3, we analyze the very rih phase diagram of site-diluted weakly oupled
dimer systems in a magneti eld, showing the ourrene of and extended magneti Bose glass
phase.
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Figure 1. (a) Conventional perolation transition in a magnet: upon diluting the system the
magneti order parameter is found to vanish at the perolation threshold p∗ . (b) Disorder-
indued quantum phase transition: at a ritial dilution pc < p
∗
the magneti order disappears,
leaving spae to a novel quantum disordered phase.
2. Perolative Quantum Phase Transition in Strongly Flutuating Quantum
Antiferromagnets
Our starting point is the quantum Heisenberg antiferromagneti model dened on a regular
bipartite lattie, as illustrated in Fig. 2(a), with Hamiltonian
H =
∑
〈ij〉
JijSi · Sj +
∑
〈lm〉
J ′lmSl · Sm − gµbH
∑
i
Szi (1)
where S are S = 1/2 spin operators. In the most general ase, two sets of bonds with dierent
loal strengths (Jij and J
′
lm) have been singled out. In the lean ase one has Jij = J for all 〈ij〉
and J ′lm = J
′
for all 〈lm〉. In the following we will fous our attention on 1) the ase of a planar
array of dimers in a square lattie (as speially illustrated by Fig. 2(a)) and 2) the ase of a
bilayer system, in whih the bonds of strength J ′ form two square latties whih are onneted by
the bonds of strength J . In the ase 1) of a simple square lattie, the hoie J = J ′ reprodues the
well-known limit of the two-dimensional quantum Heisenberg antiferromagnet (2DQHAF). In this
setion we will onsider the ase of zero applied magneti eld H , while the eets of a nite eld
will be aounted for in the next setion.
In the lean limit, the 2DQHAF is well known to support long-range Neel order[ 19℄. As men-
tioned in the introdution, a entral question of quantum magnetism is the response of magnetially
ordered systems to the dilution of their magneti lattie, either in the form of bond or site dilution.
From a geometri point of view, bond or site dilution redue the onnetivity of the lattie, ulti-
mately leading to a perolative phase transition [ 20℄ beyond whih the system is broken up into
nite lusters. In a lassial spin system, this perolation transition is oupled to a magneti transi-
tion with the same ritial exponents, sine spontaneous magneti order annot survive beyond the
perolation threshold. In a quantum spin system, on the other hand, a progressive redution of the
lattie onnetivity enhanes quantum utuations in a ontinuous fashion, raising the possibility
of quantum destrution of magneti order before the perolation threshold is reahed. Reently, the
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Figure 2. (a) A square lattie deomposed into dimer and inter-dimer bonds. The dimer bonds
are shown in dark olor with oupling J , and the inter-dimer bonds are shown in light olor
with oupling J ′. Both J and J ′ are antiferromagneti. (b) Site dilution of the dimer singlet
ground state releases random magneti loal moments whih are oupled through long-range
oupling Jeff . The irles refer to the non-magneti impurities, and arrows orrespond to loal
moments near the impurity sites. () Inhomogeneous bond dilution of the same lattie: the dimer
bonds (J) are populated with probability P , while the inter-dimer bonds (J ′) are populated with
probability P ′.
evolution of the magneti state of the 2DQHAF under site or bond dilution has been studied ex-
tensively both in experiment and theory. Experimentally, the eet of site dilution has been probed
in La2Cu1−p(Zn,Mg)pO4, in whih magneti Cu
2+
ions are replaed randomly by non-magneti
Zn
2+
or Mg
2+
ions [ 3℄. The fundamental result of this study is that magneti order at low tem-
perature disappears at a ritial dilution p = pc whih oinides with the perolation threshold
p∗ = 0.40725 [ 20℄. This has been further onrmed by extensive numerial simulations both in the
ase of site and bond dilution [ 4℄, showing that the perolating luster supports long-range order
up to the perolation threshold; this means that magnetism an only be disarded geometrially
by fragmenting the perolating luster beyond p∗.
An alternative senario to the above lassial perolation piture is oered by quantum pero-
lation, in whih the geometri transition and the magneti one are deoupled by quantum utu-
ations. This senario invokes the fat that spins involved in loally strongly utuating quantum
states, suh as dimer singlets and resonating valene bond states, are weakly orrelated with the
remainder of the system. In a random network of spins, the loal strongly utuating states re-
ate weak links with small spin-spin orrelations. If these weak links are part of the bakbone of
the perolating luster, they an prevent the perolating luster from developing long-range order.
Therefore, if lattie dilution favors the loal formation of suh states, it is possible to drive the
system towards a quantum disordered state before the perolation threshold is reahed, deoupling
perolation from magneti ordering.
This quantum perolation senario has been reently demonstrated for the S = 1/2 Heisenberg
model on the bilayer lattie under dimer dilution [ 6, 5, 7℄. In this model quantum utuations an
be arbitrarily tuned by inreasing the strength of the inter-layer oupling J with respet to the
intra-layer one J ′: indeed, even in the lean model, for J > Jc = 2.5J
′
the spins on eah inter-layer
dimer form a singlet and long-range order is lost [ 21℄. Randomly diluting the bilayer by taking away
a perentage p of whole dimers at one leads to the perolation of the bilayer lattie for p = p∗,
analogously to what happens on a simple square lattie. For J . J∗ = 0.16J ′ the bilayer shows
long-range order up to the perolation threshold [ 6℄. The tuning knob of quantum utuations
oered by the inter-layer oupling allows to destroy long-range order on the perolating luster for
J & J∗: beyond this value, geometri perolation of the lattie is no longer a suient ondition
for long-range magneti ordering, due to the extremely strong quantum utuations on dimers
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Figure 3. Phase diagram of the inhomogeneously bond-diluted S = 1/2 antiferromagnet on the
square lattie. The olored area indiates the quantum-disordered region in whih the system
has developed an innite perolating luster, but the magnetization m of the system vanishes
beause of quantum utuations.
with lower loal onnetivity. The quantum disordered phase appearing on a perolated lattie
of dimers still laks a omplete haraterization, but it is legitimate to suspet that, for J < Jc,
rare but arbitrarily large regions whih are devoid of dimer vaanies an support loally magnon-
like exitations similar to those of the lean system in its magnetially ordered phase. Hene the
spetrum of the system is expeted to be gapless, but not leading to a singular ontribution to
the response funtions (as shown by the regular behavior of the uniform suseptibility in Ref. [
6℄). A very similar piture of quantum perolation has been found by two of us in the anisotropi
S = 1 Heisenberg antiferromagnet with site dilution [ 22℄: here the quantum disordered phase
has been identied with a Mott glass, namely a phase with a gapless spetrum and a vanishing
ompressibility.
In Ref. [ 8℄ we have shown that a similar quantum perolation senario an be ahieved in
the standard 2DQHAF under inhomogeneous bond dilution. In our model all bonds are of equal
strength J = J ′, and quantum utuations are instead enhaned in a purely geometrial fashion by
the lattie randomness. As illustrated in Fig. 2(a), a square lattie an be geometrially deomposed
into dimers and ladders (made of inter-dimer bonds) in suh a way that there are no two adjaent
dimers or ladders. The inhomogeneous bond dilution is realized by assigning dierent oupation
probabilities to intra-dimer and inter-dimer bonds. Expliitly
dimer bonds Jij =
{
J with probability P
0 with probability 1− P
(2)
ladder bonds J ′lm =
{
J with probability P ′
0 with probability 1− P ′ .
(3)
As it is well-known, S = 1/2 spin ladders have a quantum disordered singlet ground state [ 23℄,
and the same applies to weakly onneted dimer latties, suh as the omb lattie. This speial
property of the S = 1/2 Heisenberg model on low-dimensional latties is the key of our dilution
sheme. In fat, inhomogeneous bond dilution P 6= P ′ (see Fig.2()) favors the appearane of ladder
segments (P < P ′) or of weakly onneted dimers (P > P ′), both of whih have the tendeny to
support loally a strongly utuating quantum state with a signiant singlet omponent, and
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eetively deoupled from the rest of the perolating luster. When suh geometrial strutures
appear on the bakbone of the perolating luster, they an eetively break it into sub-lusters
from the point of view of magneti orrelations, leading to a quantum-disordered ground state.
The phase diagram of this inhomogeneous bond dilution model, as resulting from an extensive
lassial and quantum Monte Carlo study [ 8℄, is presented in Fig. 3. When the inhomogeneity
is weak (P ≈ P ′), the magneti transition is found to oinide with the perolation one, both in
terms of the loation of the transition and in terms of its ritial exponents. This is in agreement
with the ndings in the homogeneous limit P = P ′ already investigated in Ref. [ 4℄. However,
for strong enough inhomogeneity the magneti transition deviates from the geometri one, turning
into a quantum phase transition beyond two multi-ritial points. The ritial exponents, extrated
from a nite-size saling analysis of the orrelation length, onrm this rossover from lassial to
quantum perolation: ν = 4/3 and z = 1.9 ≈ D = 91/48 (the fratal dimensions of the perolation
luster at threshold [ 20℄) are found for weak to intermediate inhomogeneity, while ν = 1 and z = 1
are found for suiently strong inhomogeneity [ 8℄.
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Figure 4. (a)-(b) Sketh of a low-energy exitation in the bond-diluted ladder system. ()
Low-temperature uniform suseptibility of the perolating luster only, χu,c, in the quantum-
disordered (ladder-like) regime. The solid lines are power-law ts of the form χu,c ∼ T
−1+α
, and
the resulting t oeients α are indiated. The perolating luster is piked as the largest lus-
ter in a 64×64 lattie. The non-universal α values indiate the existene of Griths singularities
in this quantum-disordered phase.
As seen in Fig. 3, the bifuration of the magneti transition line with respet to the perolation
transition one at strong enough inhomogeneity opens up two quantum disordered phases, har-
aterized by the existene of an innite perolating lusters but zero staggered magnetization m.
Real-spae spin-spin orrelations in this phase are short-ranged [ 24℄. But the perfetly orrelated
disorder in imaginary time allows for long-range orrelations in this extra dimension, giving rise
to so-alled quantum Griths singularities [ 16℄. As already mentioned in the introdution, the
dilution of the lattie introdues loal S = 1/2 moments. If one dilutes a lattie developing a
spin-gapped singlet ground state with a nite orrelation length ξ0 (as it will be the ase in the
following setion), or if dilution indues the loal formation of suh singlet states (as it is the ase
in this setion), the resulting loal moments develop mutual eetive interations via the exhange
of virtual gapped exitations of the intermediate regions. The eetive ouplings, Jeff , deay ex-
ponentially with the distane, as a result of the nite mass" of the exhanged exitation. For two
6
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sites i and j with positions ri, rj , we have that [ 14, 11, 15℄
Jeff(i, j) ∼ J(−1)
ri−rj exp(−|ri − rj|/ξ0) (4)
It is important to notie that the staggering prefator eliminates any frustration eet. At variane
with site dilution (ompare Fig.2(b)), for bond dilution these loal S = 1/2 moments always our
in pairs. The eetive interation between two loseby moments is the strongest (∼ J), so that
the lowest-energy exitations are not assoiated with exiting a pair of neighboring moments, but
rather exiting two pairs of suh moments lying far apart from eah other by rotating one pair with
respet to the other (see Fig. 4(a)-(b)). Aording to Eq. 4, this exitation has an energy saling
exponentially to zero with the inter-pair distane l, but the probability of existene of two pairs
separated by a large distane is onditioned by the presene of a lean region in between them,
whose probability in a diluted system is also exponentially suppressed with its size. In the ase
depited in Fig. 4(a)-(b), this probability is (P ′)nl = exp(−n| lnP ′|l) (where n is the harateristi
number of bonds present in a region of linear size l). The presene of an exponentially rare loal
exitation with exponentially small energy leads to a anellation of the two exponentials in the
alulation of the ontribution of suh exitations to fundamental response funtions, as, e.g.,
the uniform suseptibility. The result is a paradigmati quantum Griths eet [ 24℄. Indeed the
uniform suseptibility of the perolating luster in the quantum disordered phase displays a non-
universal power-law divergene when T → 0, as presented in Fig. 4(). It is important to stress
that here we only onsider perolating lusters with an even number of partiles, whih means that
the ground state on a nite-size system is expeted to be a total spin singlet. Hene the presene of
a non-universal divergene of the uniform suseptibility is not due to the presene of paramagneti
dangling spins, but it is a genuine result of the fat that the spetrum over the singlet ground state
is gapless.
From an experimental point of view, bond dilution an be onsidered as a limit of bond disorder
introdued by doping the non-magneti atoms/ions lying on the super-exhange paths responsible
for the ourrene of antiferromagneti ouplings. Hene inhomogeneous bond disorder an be
introdued in antiferromagnets in whih super-exhange paths are mediated by dierent atomi
speies along dierent spatial diretions. This is the ase of many spin-ladder ompounds, suh
as e.g. (C5H12N2)2CuBr4, in whih intra-ladder and inter-ladder ouplings between Cu
2+
ions are
mediated by hemially dierent non-magneti ions. From a more fundamental point of view, our
results, along with those on dimer-diluted latties [ 5, 6, 7℄ and on diluted anisotropi S = 1
models [ 22℄ show that disorder-indued magneti transitions an be pushed arbitrarily far from
perolation thresholds.
3. Field-Indued Quantum Disordered States in Site-Diluted Latties
In the previous setion, we have seen that lattie dilution an loally enhane quantum utu-
ations in a quantum magnet, possibly disarding long-range order. In this setion the ritial role
of quantum utuations will be tuned arbitrarily by driving the system lose through a quantum
phase transition in presene of disorder.
As already mentioned in the introdution, the quantum phase transition in question is repre-
sented by magneti Bose-Einstein ondensation in a system of weakly oupled S = 1/2 dimers in
a magneti eld. As in the previous setion, we onsider two dierent geometries leading to essen-
tially the same physis: a bilayer geometry with interlayer ouplings J and intra-layer ouplings
J ′; a planar dimer array (ompare Fig. 2(a)), with dimer ouplings J and inter-dimer ouplings J ′.
In absene of lattie dilution, for both geometries a ratio of ouplings J/J ′ overoming a ritial
value (J/J ′)c ( ≈ 2.5 for the bilayer system, ≈ 1.91 for the planar dimer system [ 25℄) stabilizes
a quantum disordered ground state with dimer singlets on the strongest magneti bonds. In both
systems, the appliation of a magneti eld h = gµbH/J (in redued units) leads to ondensation
of triplet exitations at a lower ritial eld h
(0)
c1 and to the appearane of staggered magneti order
transverse to it [ 2℄. Inreasing the eld up to an upper ritial eld h
(0)
c2 leads to full polarization
of the spins and to the destrution of spontaneous order.
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Figure 5. Ground-state phase diagram of the site-diluted bilayer Heisenberg antiferromagnet with
J/J ′ = 4 in the eld-dilution plane. Ordered phases are indiated in orange, gapped disordered
phases are indiated in green, and gapless disordered phases in white and grey.
Doping the system indues a very rih phase diagram at T = 0, as illustrated in Fig. 5. If the
preise loation of the phase boundaries depends on the model parameter J/J ′ as well as on the
lattie geometry, the qualitative features of this phase diagram are atually independent of the
value of J/J ′, as long as J/J ′ > (J/J ′)c, and of the spei geometry of the dimer array (either
bilayer or planar array or other unfrustrated latties). For the spei ase shown in Fig. 5 (bilayer
system with J/J ′ = 4), the lean limit p = 0 features Bose-Einstein ondensation transitions at
h
(0)
c1 ≈ 0.5 and h
(0)
c2 = 2. Introduing site dilution of the bilayer lattie leads to an upward shift of
the lower ritial eld hc1 with respet to its lean value h
(0)
c1 , and a downward shift of the upper
ritial eld. This means that diluting the system at xed eld starting from its ordered phase
h
(0)
c1 < h < h
(0)
c2 leads to a disorder-indued transition into a novel quantum disordered phase.
This all happens well away from the geometrial perolation threshold p∗, whih means that the
disorder-indued transition is a genuine quantum phase transition.
The novel phase that opens up at the disorder-indued transition an be fully haraterized in
terms of bosoni quasipartiles. In the ase of h & h
(0)
c1 these quasi-partiles (QPs) are represented
by the dilute triplet gas indued by the eld, ondensing in the magnetially ordered phase. The
ase h . h
(0)
c2 is the (approximately) partile-hole symmetri one, in whih singlet quasi-holes
(QHs) form a dilute gas that Bose ondenses. The introdution of site dilution in the system
reates an eetive random potential for QPs (analogous onsiderations apply to QHs). Indeed site
dilution leads to the disappearane of whole dimers hosting a QP, or to the appearane of dangling
spins (loal moments) whih are essentially all polarized in the eld range h
(0)
c1 < h < h
(0)
c2 , and
hene at as impenetrable barriers to QPs (see below for a detailed disussion of the physis of
loal moments). Therefore the problem of the response of the magneti system to site dilution is
analogous to that of the evolution of a Bose-Einstein ondensate upon inreasing the strength of a
random potential in whih the ondensate is immersed. For a strong enough random potential the
bosoni system will be fragmented into Anderson-loalized states, sitting in the rare regions whih
are devoid of vaanies. This phase is alled Bose glass in the literature of disordered interating
bosons [ 26℄. Given that we are eetively working in the grand-anonial ensemble, the transition
from a ondensed phase to a Bose glass is aompanied by a derease in the population, due
to the fat that disorder lowers dramatially the loal hemial potential in the regions lose to
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 m = 0.05  m = 0.05(b)
0.52 0.54 0.56 0.58 0.6 0.62
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0.004
0.006
0.008
0.01
ϒ
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Figure 6. (a)-(b): Real-spae images of the dimer magnetization mi = 〈S
z
i,1 + S
z
i,2〉 on intat
dimers in a 40x40x2 bilayer with J/J ′ = 4, dilution p = 0.1 and at inverse temperature βJ =
256, for h = 0.56 (a) and h = 0.6 (b). The radius of the dots is proportional to the dimer
magnetization. The magnetization of unpaired spins is omitted for larity. The most visible
loalized states are highlighted in (a), while the bakbone of the perolating magnetized network
is highlighted in (b). () Superuid density (spin stiness) as a funtion of the eld for the spei
sample onsidered.
impurities. This same loalization-ondensation transition an be probed by varying the eld at
xed disorder strength: in this ase the transition is learly understood as a redution of the density
of the QPs/QHs, indued by the derease/inrease of the magneti eld. When traversing this
transition in the reversed sense, by driving it with either a eld or with disorder, we observe that
the region oupied by the QPs/QHs undergoes a quantum perolation transition from a loalized
disordered phase, in whih only disonneted rare lean regions host QPs/QHs, to a perolated
ordered phase, in whih the regions hosting QPs/QHs onnet to form a perolating network. This
geometri transition an be diretly visualized by alulating the loal magnetization prole, as
shown in Fig. 6. The novel, perolative nature of this transition with respet to the ondensation
in the lean ase reveals itself in the ritial exponents, whih an be determined numerially via
nite-size saling [ 11, 12℄. The resulting values are quite dierent from those of the transition in
the lean system, and in partiular it is found that the dynamial ritial exponent z equals the
spatial dimension d, whih is onsistent with an early theoretial predition [ 26℄.
From the point of view of marosopi observables, the Bose glass is fundamentally dominated
by the absene of a gap in its exitation spetrum. Indeed in this phase the system is fragmented
into droplets of QPs/QHs that are hosted on rare, but arbitrarily large regions, and whih an
therefore support arbitrarily low-energy exitations, in the form of loalized magnon exitations
analogous to those appearing in the ordered phase in the lean system. This means that that the
system displays a nite response to an applied magneti eld, namely its uniform suseptibility
remains nite (orresponding to a nite ompressibility of the QPs/QHs) even in absene of long-
range oherene. This is learly illustrated in Fig. 7.
So far we have worked under the assumption that dangling spins left unpaired by site di-
lution are fully polarized by the eld. Atually the evolution of their magneti state represents
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Figure 7. Zero-temperature eld san for the site-diluted Heisenberg bilayer with J/J ′ = 8 and
p = 0.2, from Rosilde et al., [ 11℄.
another very fasinating aspet of the physis of these systems. Indeed, as already mentioned in
the previous setions, in zero eld dilution liberates loal S = 1/2 moments (LMs) whih are ex-
ponentially loalized lose to the site of an unpaired spin and whih interat with eah other via
the eetive ouplings of Eq. 4. These ouplings, although weak, are suient for the LMs to order
antiferromagnetially at experimentally relevant temperatures [ 27℄. Hene, at any nite dilution
onentration smaller than the lassial perolation threshold, the zero-eld ground state displays
long-range antiferromagneti order (order-by-disorder phase).
h
order−by−disorder disordered−free−moment
J J’
Figure 8. Sketh of the quantum phase transition between the order-by-disorder phase and the
disordered-loal-moment phase in a diluted oupled-dimer system. Left panel : At zero applied
eld, spins on intat dimers form singlets (solid ellipses), dimers of loal moments (LMs) have a
strong singlet omponent (dashed ellipse), whereas the other LMs (blue arrows) partiipate in the
order-by-disorder state. Right panel : Upon applying a eld, the LMs are mostly polarized, but
loal singlets and loalized down-spins an survive on lustered LMs, leading to the disordered
LM phase.
Yet the long-range order appearing in this phase an be easily destroyed by a small eld in a
quite peuliar way [ 11, 12℄. Indeed the system of LMs features highly inhomogeneous ouplings,
and hene the response to the eld is equally diverse. In the ase of low dilution (to whih this
disussion is restrited) most of the LMs are weakly oupled to the other nearby LMs whih sit at
10
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a distane of the order of the average inter-vaany spaing p−1/d; but a minority of the LMs might
be involved in a LM dimer (with probability ∼ p2), in a trimer (with probability ∼ p3), and so on.
This means that when the eld is strong enough to overome the typial oupling energy between
two LMs, it polarizes a majority of LMs destroying thereby their long-range magneti order. Yet,
in this disordered LM phase, a minority of strongly oupled LMs resist polarization, and they host
loally one or more spin whih is polarized opposite to the eld. In partiular, a mapping of the
loalized S = 1/2 spins whih remain antiparallel to the eld onto hardore bosons, reveals for the
disordered LM phase a lear nature of a Bose glass, haraterized by fragmentation of a Bose gas
into disonneted loalized states. This an be quantitatively onrmed by a nite-size saling study
of the transition between the order-by-disorder phase and the disordered LM phase: the extrated
ritial exponents turn out to be fully onsistent with those of the 2D superuid-to-Bose-glass
transition [ 12℄. In partiular, as in a Bose glass, the disordered LM phase is not fully polarized,
and it remains gapless, given that all dierent lusters of strongly oupled LMs see a dierent
magneti environment and hene exhibit a dierent loal gap to further polarization. Nonetheless
the loal gaps are distributed around some distint values assoiated with LM dimers, trimers,
et. These values manifest themselves in a speial form of the magnetization urve, exhibiting
pseudo-plateaus whih mark the aomplished polarization of one lass of LM lusters.
0.0 0.2 0.4 0.6
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OBD
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u
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Figure 9. Magnetization and suseptibility urve of a planar array of dimers with J/J ′ = 4 and
dilution p = 1/8, showing a harateristi suession of pseudo-plateaus.
If the oupling ratio J/J ′ is large enough, or the disorder onentration is weak enough, upon
further inreasing the eld the LMs an be fully polarized at a eld h < h
(0)
c1 , namely before the
magnetization proess of the intat dimers begins. Under this assumption, a gapped plateau phase
(haraterized by a marked plateau of the uniform magnetization at the value m = p/2) appears,
ompletely separating the physis of the LMs from that of the intat dimers. On the other hand,
for smaller J/J ′ ratios or strong dilution the plateau phase might be ompletely washed out, and
dimers start being magnetized in the Bose glass phase when LMs have not yet been fully polarized.
In this ase disordered LM phase and Bose glass phase oexist: indeed the Bose glass phase will
show both loalized triplet QPs in rare regions devoid of impurities, and loalized anti-parallel
spins in the omplementary regions exhibiting lustering of impurities.
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4. Conlusions
In onlusion, large-sale quantum Monte Carlo simulations give aess to the vast wealth of
novel quantum phases appearing in quantum magnets when quantum utuations are tuned to a
ritial strength in presene of disorder in the magneti lattie. These novel phases are the result
of the separation, indued by quantum utuations, between the geometri perolation of the
lattie and the loss of long-range magneti order. Their ommon denominator is a rih struture of
the low-energy spetrum, with absene of a gap and a possibly anomalous role of the low-energy
exitations in the response funtions.
This rih physis enjoys the availability of a large family of S = 1/2 ompounds exhibiting
strongly utuating quantum magnetism, and whih are amenable to dilution of the magneti
lattie by non-magneti doping. In partiular andidate systems are spin-ladder materials suh as
Cu12(C5H12N2)2Cl4 [ 28℄ and (C5H12N2)2Cu Br4 [ 29℄, planar dimer systems suh as Sr2Cu(BO3)2
[ 30℄, magneti bilayer ompounds as BaCuSi2O6 [ 31℄. In all these ompounds the S = 1/2 spins is
arried by a Cu
2+
ion, whih an be replaed by non-magneti Mg
2+
and Zn
2+
to give site dilution
of the lattie. Alternatively bond disorder an be realized by hemial substitution of the non-
magneti ions bridging the magneti ouplings [ 32, 33℄ . For what onerns speially the physis
of magneti BEC in presene of disorder, analogous phenomena to those observed in S = 1/2
ompounds an be reovered also with S = 1 Haldane hains, or with S = 1 antiferromagnets with
strong single-ion anisotropy [ 34℄. We therefore believe that quantum magnets under stati doping
oer the possibility of deepening tremendously our understanding of quantum many-body physis
in a ontrolled random environment.
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